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Pattern-Matching

Efficient way of decomposing and processing data.

Available in most programming languages and proof assistants.

The λ-calculus is a good tool to study programming languages [Landin, 1965], however. . .

Hard to encode pattern-matching into the (pure) λ-calculus.

Not easy to generalize properties of the λ-calculus to pattern-matching.
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Pattern-Matching

It is necessary to study pattern-matching directly:

Operationally [Huet and Lévy, 1991, Sekar and Ramakrishnan, 1993,
Cirstea and Kirchner, 2001, Kahl, 2004, Jay and Kesner, 2009, Khasidashvili, 1990].

Denotationally [Cirstea and Kirchner, 2001, Kahl, 2004, Jay and Kesner, 2009,
Bucciarelli et al., 2015, Accattoli and Barras, 2017, Alves et al., 2018, Barenbaum et al., 2018,
Alves et al., 2020, Bucciarelli et al., 2021].
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Quantitative Semantics

vs.

Quantitative semantics allow us to reason quantitatively about programs:

λ-Calculi [Accattoli and Guerrieri, 2018, Accattoli et al., 2020, Accattoli and Guerrieri, 2022,
de Carvalho, 2018, Kesner and Viso, 2022].

Classical Calculi [Kesner and Vial, 2020, Santo et al., 2024].

Effects [Lago et al., 2021, Alves et al., 2023].

Pattern-Matching [Bucciarelli et al., 2015, Alves et al., 2020, Bucciarelli et al., 2021].
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Related Work
In previous works:

Pattern-matching only over pairs
[Bucciarelli et al., 2015, Alves et al., 2020, Bucciarelli et al., 2021].

No quantitative semantics [Cirstea and Kirchner, 2001, Kahl, 2004, Jay and Kesner, 2009,
Accattoli and Barras, 2017, Barenbaum et al., 2018].

In this work. . .

and

. . . we provide quantitative semantics for pattern-matching over data.
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Pattern-Matching in Haskell

data TProd a b = P a b -- Product Types

fst :: TProd a b -> a

fst (P x y) = x

data TSum a b = L a | R b -- Sum Types

swap :: TSum a b -> TSum b a

swap s = case s of L x -> R x

R x -> L x
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The Pattern-Matching Calculus

Patterns p, q

Variables x, y, ...
Data c(p1, ... , pn)

Terms t, u

Variables x, y, ...
λ-abstractions λp.t
Applications t u
Matching t[p \ u]
Cases case t of (p1.u1, ... , pn.un)
Data c(t1, ... , tn)
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The Pattern-Matching Calculus

Patterns p, q

Variables x, y, ...
Data c(p1, ... , pn)

Terms t, u

Variables x, y, ...
λ-abstractions λp.t
Applications t u
Matching t[p \ u]
Cases case t of (p1.u1, ... , pn.un)
Data c(t1, ... , tn)

fst ≡ λP(x, y).x
swap ≡ λs.case s of (L(x).R(x), R(x).L(x))
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Operational Semantics

Weak Head Evaluation∗

(λs.case s of (L(x).R(x), R(x).L(x))) R(Id)

-- beta

→ case s of (L(x).R(x), R(x).L(x))[s \ R(Id)] -- substitute

→ case R(Id) of (L(x).R(x), R(x).L(x)) -- match

→ L(x)[x \ Id] -- substitute

→ L(Id) -- done!
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Operational Semantics

Weak Head Evaluation∗

(λs.case s of (L(x).R(x), R(x).L(x))) R(Id) -- beta

→ case s of (L(x).R(x), R(x).L(x))[s \ R(Id)] -- substitute

→ case R(Id) of (L(x).R(x), R(x).L(x)) -- match

→ L(x)[x \ Id] -- substitute

→ L(Id) -- done!

∗CBV-like with respect to data patterns and CBN-like with respect variable patterns.
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Operational Semantics

We are able to encode the (weak) CBV and CBN
version of the λ-calculus.
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Types: Simple vs. Intersection
Simple Types

A, B ::= b | A→ B

LOOPING
TERMINATING

TYPABLE

⊢ λx.x : A→ A ̸⊢ λx.xx ̸⊢ (λx.xx)(λx.xx)
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Types: Simple vs. Intersection
Intersection Types

A, B ::= b | A→ B | A ∩ B

LOOPING
TERMINATING

TYPABLE

⊢ λx.x : A→ A ̸⊢ λx.xx ̸⊢ (λx.xx)(λx.xx)
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Types: Simple vs. Intersection
Intersection Types

A, B ::= b | A→ B | A ∩ B

LOOPING

TERMINATING
=

TYPABLE

⊢ λx.x : A→ A ⊢ λx.xx : ((A→ B) ∩ A) → B ̸⊢ (λx.xx)(λx.xx)
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Intersection Types

Idempotent vs. Non-Idempotent

[Coppo and Dezani-Ciancaglini, 1978]
[Gardner, 1994, Kfoury and Wells, 1999]
A flavor of [Girard, 1987]’s Linear Logic

Associativity, Commutativity and
A ∩ A ∼ A

Associativity, Commutativity but
A ∩ A ̸∼ A

A ∩ A ∩ B is set {A, B} A ∩ A ∩ B is multiset [A,A, B]
“1 + 1 = 1” “1 + 1 = 2”

Qualitative Type Systems

Yes or No

Quantitative Type Systems

Bounds and Exact Measures
[De Carvalho, 2007, de Carvalho, 2018]

REMARK
These type systems are NOT for programming!

They are equivalent to models of computation.
⇓

Completely syntactical tools for reasoning about
the denotation of terms in those models.
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Main Result
Quantitative Characterization of Weak Head-Termination

WEAK HEAD-TERMINATION TYPABILITY
⇔

in n-steps with derivation of at least size n

Proof

Relies on quantitative versions of the usual
subject reduction and subject expansion lemmas.
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Example

Recall that. . .

(λs.case s of (L(x).R(x), R(x).L(x))) R(Id) →4 L(Id)

. . . weak head-terminates in 4 steps .

10 of 11



Example

We can build the following type derivation for it. . .

(var)
s:[R([abs])]⊢s:R([abs])

s:[R([abs])]⊢s:[R([abs])]

((var))
x:[abs]⊩x:[abs]

((data))
x:[abs]⊩R(x):[R([abs])]

(var)
x:[abs]⊢x:abs

x:[abs]⊢x:[abs]
(data)

x:[abs]⊢L(x):L([abs])
(case)

s:[R([abs])]⊢case s of (L(x).R(x),R(x).L(x)):L([abs])
(abs)

⊢λs.case s of (L(x).R(x),R(x).L(x)):[R([abs])]→L([abs])

(abs⋆)
⊢Id:abs

⊢R(Id):[abs]
(data)

⊢R(Id):R([abs])

⊢R(Id):[R([abs])]
(app)

Φ ▷ ⊢ (λs.case s of (L(x).R(x), R(x).L(x))) R(Id) : L([abs])

. . . of size 10 .
(the number of rules)
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Future Work

This work is (mostly) foundational, so there are a lot of ideas left to explore. . .

• Obtaining exact measures
• Adding a fixpoint operator
• Considering CBNeed operational semantics
• Allowing nondeterministic matching
• Allowing free variables and considering strong evaluation
• Considering applications to study algebraic effects and handlers
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The End
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PhD thesis, Aix-Marseille 2.

• de Carvalho, D. (2018).
Execution time of λ-terms via denotational semantics and intersection types.
Math. Struct. Comput. Sci., 28(7):1169–1203.



References vi
• Gardner, P. (1994).
Discovering needed reductions using type theory.
In TACS.

• Girard, J.-Y. (1987).
Linear logic.
Theoretical Computer Science, 50(1):1–101.

• Huet, G. and Lévy, J.-J. (1991).
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